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Abstract. Thetransformationof wavesof differentkindsat someinte.riorpointsof
nonhomogeneousmediais studiedfor wavesdefinedbylinearhyperbolicvariational
systems.

Aformal normalform is givenfor thelight hypersurface(i. e. for thedispersion
relation) at itsgenericsingularpointsin termsofthecontactgeometry.Thisnormal
form describesthebehaviourof theraysandof the wavefrontsat thesingularpoints
correspondingtothemultipleeigenvaluesoftheprincipal symbolof agenerichyper-
bolic variationalproblem.

INTRODUCTION

The word<<waves>>belowalwaysmeans<<waves,definedby linearequations>>.In the
lineartheorythewavesof differentkindsusuallypropagateindependently.Howeverin

nonhomogeneousmediathe transformationof wavesof different kindsbecomestypi-

cal for someinterior points of the domain. This unusual interior scatteringis studied
in thepresentarticleat the level of thegeometricaloptics for thewaves,describedby
hyperbolicvariationalprinciples.Themain resultis a formalnormalform for thechar-

acteristicsof the interior scatteringin typical multidimensionalvariationalhyperbolic
linearsystems.
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Mathematically,the problemis reducedto the studyof singularitiesof the light hy-

persurfacein a contactmanifold. To explain this mathematicalproblem 1 recall first

someelementsof contactgeometry,whichplays in thetheoryof propagationof waves
therole playedby symplecticgeometryin mechanics.

A contactstructureon anodd-dimensionalmanifold is a distributionof tangenthy-

perplaneswhichis maximallynondegenrateat everypoint. All suchdistributions(ofany
givendimension)arelocally diffeomorphic (the Darbouxtheorem). Themain contact
manifold of thetheoryof wavepropagationis thespacePT”V of all contactelements

of thespace-timeV.
A contactelementon a manifold is a hyperplaneof the tangentspace.The spaceof

contactelementsof amanifold is the projectivizationof its tangentbundle.The fiberof

this projectivizedbundle is theprojectivespaceof all the contactelements,tangentto

themanifold at onepointof contact.
The contactstructurein the spaceof contactelementsis definedby the following

condition: the velocity of a moving contactelementbelongsto thehyperplaneof the

distribution, if andonly if the contactpoints velocity belongsto the moving contact
element.

The dimensionof thespaceof contactelementsof a space-timeof dimensionD + I

is equalto 2 D + 1. The raysand the propagationof the wavesare definedby some

<<light hypersurface>>in this contactmanifold.
Any hypersurfacein a contactmanifold isintrinsicallyequippedwith its field of char-

acteristicdirections.If thecontactstructureis (locally) definedasthedistribution of the

zeroesof a 1-form, c~= 0, the characteristicdirectionat apoint of the hypersurfaceis

definedas thesymplecticorho-complementto the intersectionof the tangentspaceof
thehypersurfaceand the contactplane c~= 0, whosesymplecticstructureis defined

by d c~.The integralcurvesof thefield of characteristicdirectionsare calledthe char-

acteristicsof the hypersurface.Their projectionsto the space-timeare the rays. The
maximalintegralmanifoldsof thecontactstructure,containedin thelight hypersurface,
are calledits Legendresubmanifolds,their projectionsto the space-timearecalled big

wavefronts, thesectionsof theseby the isoehrones- themomentarywavefronts.

The main resultof the presentwork statesthat thelight surfaceof a typical varia-

tional hyperbolicsystemis reduced,in a neighbourhoodofa typical singularpoint, to
themicrolocalformalnormalform H = 0, whereH = p~+ q~— q~,for the some

local Darbouxcoordinates(i. e. coordinatessuchthat thecontactstructureis definedby

theequation c~= 0, where

~=dz+(pdq_qdp)/2,zER,pERD,qERD,D>l.

Theone-dimensionalmediumcase(D = 1) is studiedin[l]. In this casethenormal

form is morecomplicated:

H ~2 ±q
2 — z2 + Cz3.
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Ournormal formsallowsusto find thegeometryof the raysandwavefronts, aswell
asthatof theirperestroikas;for D = I theanswersaredescribedin [1]. Forinstance,the
equationfor the characteristicsof the light surfacereducedto the normalform is easily
solved(q1=p1,p1=+q1,p2=q2q2=...=q~=p3=...=75~=z=O).For
D = 2 a Legendresubmanifoldis justany oneparametricfamily of thecharacteristics.
Thisinformationsufficesfor thestudyof thegeometryof wave-fronts,but in this paper

only thenormalform of light hypersurface’ssingularitieswill be discussed.
According to [1], any 2D -dimensional light hypersurfaceof a typical variational

systemis locallydiffeomorphictothequadraticcone +v
2 = w2 in R2D + 1 in some

neighbourhoodofatypical singularpointof thehypersurface(1). HencebelowI discuss

only the reductionto thenormalform of a contactstructuregiven in a neighbourhoodof
avertexof this cone.

REMARK 1. The abovementionedresult of [1] implies an importanttopologicaldiffer-
encebetweenthegeneraltheoryof hyperbolicsystemsandthatof variationalhyperbolic
systems.Indeed,thenonstricthyperbolicitypoints (i. e. thesingularitiesof thelight hy-

persurface)areencounteed,in typical generalhyperbolicequations,only attheboundary

of thehyperbolicity domain.
In contrastwith this, the variationalhyperbolic systemsadmit pointsof nonstrict

hyperbolicity as a rule ratherthan as an exception:the light hypersurfaceof a generic
variationalhyperbolicsystemhassingularpoints insidethe hyperbolicitydomain(they

form a codimension2 subsetof the light hypersurface).
This leadsto sometopologicalproblems.

Example.Considerthe spaceF = ftm( m+ 1)/2 of quadraticforms in m variables.We

call a polynomialmapping f : R —~ F of degreed a hyperbolicmappingif the
equationdet f( t) = 0 has md realroots (countedwith theirmultiplicities). All such
mappingsform a spacewhich we denoteF(m,d).

A variationalhyperbolicsystemoverthespace-timeV of dimensionD + 1 defines
(atanypointof V) aspheremappingSd_i —~ r ( rn d). Hencethe followingproblems

arise: 1) calculateir~(F(m,d);
2) whichelementsof thesegroupsare representedby hyperbolicvariational(pseu-

do?)differential systems?
3) find theconnectedcomponentsofthespaceof hyperbolicvariationalsystemshav-

ing fixed (rn,D,d).

(1) Sirictly speaking,[1] dealswith aspecialease,wherethetime is explicitly separated,but the
proofstill holdsfor thegeneralcase(withsomesmallvariations,for which I amindebtedto B. A.
Hessin).
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Thereexist similarproblemsfor thebundlesover V, but those are material only in
thecasesof non-trivial answersto the precedingproblems 1 — 3.

REMARK 2. The serieswhich reducean analyticlight surfaceto its normal form are

genericallydivergentin theone-dimensionalmediacase D = 1 (see[1]).
Thereis no divergenceprooffor themultidimensionalcase D> 1. For D = 2 the

form da, lifted tothe 2-fold coveringof the cone,hastheMartinet [2] singularity.

1. THE NORMAL FORMS

THEOREM Anygenericalvariety,diffeomoiphicto thecone +v2 = w2 in thespace

R2D (D > 1), equippedwith a contactstructurea = 0, is reduciblebyaformal local

diffeormoiphismto thenormalform H = 0, where

H = p~±q~—

(1) a=dz+(pdq_qdp)/2,p=(p
1,...,p~),q=(q1,...,q~). •

The genericityconditions(A and B) are explicitly stated below.
Let usconsiderthe manifoldof the verticesof the cone.It is definedby theequation

u = v = w = 0 andhascodimension3.

DEFINITION. A submanifoldof amanifoldwith acontactstructurea = 0 is nondegen-

erate,if a A (d a)m ~ 0, wherethe dimensionof thesubmanifoldis equalto 2 rn + 1

or 2 rn + 2.

LEMMA 1. A nondegeneratesubmanifoldof codi.mension3 is reducible by a contac-

tomorphism(= a diffeomorph.ism,preservingthe contactstructuredefinedby equation
(1))to a local normalform whichis thecodimension3 coordinateplane p~= = q2 =

0 (for codimension2r + I > I submanifoldsthe answeris P1 = = p~= q1

ProofTheclassicaltheoryof Pfaffequationsimpliesthat therestrictionof the equation
a = 0 to a nondegeneratesubmanifold of dimension 2 rn + 2 is locally reducibleto

thenormal form,

dz+(pdq—qdp)/2=0,p=(p1,...,p~),q=(q1,...,q~).

The restriction of the 1-form a, given by (I), to the coordinateplane describedin
Lemma 1 hasthe sameform.
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But the restrictionof theequationa = 0 to any submanifoldof a contactspace
definesthesubmanifoldlocallyupto acontactomorphism(thisis theDarboux- Givental

theorem,see[3] ch. 4 n° 1.3 or [1] § n°4).Henceanynondegeneratesubmanifoldis

locally contactomorphicto thecoordinateplane,describedin Lemma1, which is thus
proved.

Forgenericcontactstructuresin the spacecontainingthe cone + + w2 the

following conditionholds:

CONDITIONA. Themanifoldofverticesisnondegenerateatthepoint 0.

From now on we supposethat this conditionis satisfied. Let us choosethe local

Darbouxcoordinatesfor whichthemanifoldof verticesof ourhypersurfaceH = 0 has
theform p

1 = q1 = q2 = 0. Suchcoordinatesexistby Lemma1.

DEFINITION. A (smooth, analytic...) functionis admissible,if it has,ateachpointof
themanifoldof vertices p1 = q1 = q2 = 0, azero of order2 (or greater).

Any admissiblefunctionadmitsa representationin the form of a quadraticform of

(p1, q1, q2), whosecoefficientsaresmooth(analytic...) functionsof all theDarboux
coordinates(z,p, q). Ourvariety H = 0 is definedby anadmissiblefunction H =

+ — w
2.

LEMMA 2. The tangentconeofthehypersurfaceH = 0 at its vertex 0 isgivenby

theequationF(p~,q
1, q2) = 0, where F is a nondegeneratequadraticform ofthree

variables.

Proof To obtainthequadraticform F oneevaluatesthecoefficientsof thequadratic

form with variablecoefficients,describedabove,atthepoint 0. a

Forgenericcontactstructuresin thespace,containingthehypersurfaceH = 0, the

followingholds.

CONDITION B. Therestrictionoftheform F to theplane q2 = 0 isnondegenerate.

REMARK. While this conditionis formulatedusingthe coordinates,it hasan intrinsic
meaning.The3-spacewith coordinates(pr, q1, q2) is thenormalspacetothemanifold

of verticesat thepont 0 (thequotientof thetangentspaceat 0 of the ambientspace
by its subspacetangentto themanifoldof vertices).
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Thisquotientinheritsa Poissonstructureform the symplecticstructureof thecontact

distribution hyperplaneof the ambientspace. The symplecticleavesof this Poisson
structureare = const.

DEFINITION. A diffeomorphismis admissibleif it preservesthe manifold of Vertices

Pi = = q2 = 0.

Theadmissiblediffeomorphismstransformtheadmissiblefunctionsinto admissible

ones.

LEMMA 3. Let H bean admissiblefunction, satisfyingthenondegeneracycondition

B; thenthereexistsan admissiblecontactomoiphism,preserving0 andreducingH to

theform H = H2 + R, where 112 = C(p~±q~—q~) and whereR is an admissible

functionhavingazeroof order 3 (orgreater)at theorigine.

Proof Any linearsymplectic(preservingthe2-form d pA d q) tranformation(p,q) ~-+

(P,Q) generatesa contactmorphisal(z, p, q) i—. (z,P, Q), preservingz and a (see

[1], §1, example4).

The linear symplectictransformation

P1 = Pi + aq2, Q1 = q1 + 5q2, P2 = — bp1 + aq1,

= q2, P~= p~,Q. = q1(i >2)

actsin the 3-spacewith coordinates(pt, q1 , q2). The line, dual to the plane q2 = 0
with respectto thenondegenerateform F, is transformedinto the q2 axis (for suitably

choosena and b). Hencethe form F is reducedto f(p1, q1) + cq~.

A linear symplectictransformationof the plane (p1 , q1) reducesf to the form

C(p~+ q~)+ Bq~. A linear symplectictransformationQ2 = Aq2,P~ = A~’p2

reducesjB~q~to ICIQ~andhencewe obtain H2 = C(P? + Q~+ Q~)with inde-

pendentsigns. In the casewhere H2 contains+Q~,it contains —Q~,becauseH2

changesthe sign. In this caseH2 hasthe form requiredin Lemma3.
In the casewhere H2 contains —Q~— Q~it also has the requiredform, in the

casewhereit contains —Q~+ we obtaintherequiredform afteralinearsymplectic

transformationP1 = q1, Q1 =

All thetransformationsusedaboveareadmissibile,henceLemma3 isproved. .

LEMMA 4,.. (main Lemma)Let H = H2 + R,. be an admissiblefunction, where

112 = (p~+q~ —q~)/2 andtheremainderR,.(x),z= (z,p,q), hasazerooforder
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atleast r ~ 3 at theorigin. Thenthereexistanadmissiblecontactrnorph.ismg anda
functionE suchthat E(x)H(g(x)) H~(z)+ R,.÷

1(x),(1. e. theorderofthezero

oftheremainderattheorigin isatleastr + 1), whilethedifferencebetweeng and the
identityhasat theorigin a zerooforderat least r — 1 and thedifferencebetweenE

and I hasa zeroat theorigin oforderat leastr — 2.

The proofof this Lemmais givenin §2.

Proofofthe theorem.ThereexistDarbouxcoordinates,fer which H satisfiesthecon-

ditionsof Lemma 43 (by Lemma3). Theadmissiblecontactomorphismg of Lemma

43 and themultiplication by E reduce H to a function satisfyingthe conditionsof
Lemma 44. Usingthis Lemma,then Lemma 45 and so on, we obtaina sequenceof
admissiblecontactomorphismsandasequenceof multiplicators,reducingH to H2 up

to termsof higherand higherorder. TheTaylor seriesof thesecontactomorphismsand

multiplicatorsat 0 stabilize(thetermsof anygivenorderdo notchangeaftersomestep
of the construction),sincetheorderof tangencyto the identityand to 1 of thecontacto-

morphism g andof the function E givenby Lemma 4,. growwith r. Thisprovesthe

theorem. •

2. THE PROOF OF THE MAIN LEMMA

DEFINITION. Thecontactvectorfield with Hamilton function K is thefield v defined,
in theDarbouxcoordinates(1), by the equation

j~ —K~+pK~/2,~K~+qK~/2,
(2)

= K — pK~/2 — qK~/2

(hereandbelowthedotmeansthederivativealongthe Vector field v). Thephaseflow
of this vectorfield preservesthecontactstructure,but not the form a : L~a= K~a

(whereL~is theLie derivative).

REMARK. Any Vector field, preservingthe contactstructure,is locally definedby the

equation(2) for someHamiltonfunction K, butweshallnotusethis fact.

DEFINITION. A contactfield is admissible,if it is tangentto the manifoldof vertices

Pi = = = 0. Thecontactmorphismof thephaseflow of anadmissiblevectorfield
preservesthemanifoldof vertices.Formula(2) impliesthe

LEMMA 5. Thecontactfieldswith Hamiltonfunctions

K = p~K1+ p1q1K2 + q~K3+

+ p1 q2 K4 + q1q2K5 + p2 q2 K6 + K7,
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where K7 isinependentof (pi, q1 , P2), are admissible.

REMARK. Theseareall the admissiblefields,but we shall not usethis fact.

Formula(2) implies alsothe

LEMMA 6. Let H be a homogeneouspolynomialof degree .s in theDarbouxco-

ordinates (p, q, z), K — a homogeneouspolynomialofdegree r. Then thederiva-

tive of H alongthe contactfield definedby the Hamiltonian function K is equal
to H = {K, H) + (termsof order higherthans + r — 2), wherethePoissonbracket

{ K, H) = KpHg — KgHp is a hornogeneouspolynomialofdegreea + r — 2.
For instance,in the cas deg H = 2 (resp. deg H > 2) deg{K, H) = degK

(resp. deg{K,H} > degK).

Weshallprovethemain Lemma4 for the caseH2 = Pi q1 — q~/2. ThecaseH2 =

p~f— — q~is reducibleto theprecedingone(Lemma3). In thecaseH2 = p~+ —

theproofis similar (oneusesthecomplexconjugatecoordinatesPi + iq1). Below H2

alwaysmeansp1 q1 — q~/2, R,. isthe remainderof aTaylor series,havingattheorigine
a zeroof orderat least r.

LEMMA 7. Let H = H2 + R,. be an admissiblefunction, r> 2. Thenthereexistsan

admissiblecontactomorphismg1, suchthat thefunction H1 ( x) H( 9i (z)) hasthe

form

(3) H1(z) H2 + h,.(p,p2,Z) +

where H2 = p — q~/2,p = p1q1,Z = ~ h,. isahomogeneous

polynomialofdegreer in the Darbouxcoordinates(p1, q1 , P2’ Z), while the differ-

encebetweeng1 and theidentity transformationhasat theorigin a zerooforderatleast
r— 1.

Themainingredientof theproofis the following.

LEMMA 8. Let F bea homogeneouspolynomialofdegreer oftheDarbouxcoordi-

nates,whichcontainsnornonomialsoftheform p°p~ZM (where M is amultiindex).

Thenthehornologicalequation

{K,H2} = F

issolvablewith respectto thehomogeneouspolynomial K ofdegreer.
ff~in addition, F is an admissiblepolynomial, then there existsa homogeneous

solution K, for whichthevectorfield with theHamilton function K is admissible.
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Proof of Lemma8. Let us introducethenotations:

~ abcdç,M
11 — .u.obcdMPI q1 P2 q2 LI

p_~
a b c dZM

— o,b,c,d,MPI q1 P2 q2

The homologicalequationmaybe written in theform of a system

(a — b)KO,b,Ca,M — (c+ l)KG,b,C,+1,d,_1M = FQ,b,C,d,M

of linear equationswith respectto thecoefficientsof thepolynomial K. This system
decomposesinto independentsubsystem,correspondingto thefixed valuesof a,b, M.
Every subsystemhastheJordanform,namely

(a—b)kd—(c+l)kd.I=fd,c+d=r—a—b—IMI,k_l=0.

If a ~ C, the determinantof thesubsystemdoesnotvanishand hencethe subsystem

is solvable. If a = b the subsystemis solvable,provided that fd = 0. Hence the
homologicalequationis solvable,providedthat F containsno monomialsfor which

a = b, d = 0, that is no monomials pGp~ZM. The first statementof the Lemmais
proved.

The admissibilityconditionfor a monomial F has the form a + b + d � 2. Let
usconsiderthe 3 cases: I. a + b � 2. The monomialsof the aboveconstructedso-

lution K of thehomologicalequationwith right hand side F, still have a + b > 2.

Hencethecontactfield with Hamiltonianfunction K is admissibleby Lemma5 (cases

K1,K2andK3).
2. a + b = I. In this case a ~ b, d � 1. Thehomologicalequationwhoseright

handsideis a monomialF, divisible by q~,admitsa solution K, which is a homoge-

neouspolynomialdivisible by q~.Thisfollows from theexplicit Jordanstructureofthe
correspondingsubsystem(to which weadd theconditions kdl = kd....2 = ... = 0)
its determinantdoesnotvanish,becausea ~ b.

All the monomialsof the solution K definedaboveare divisible eitherby p~q2 or
by q1 q2. Thecontactfield withHamiltonfunction K is admissibleby Lemma5 (cases

K4,K5).

3. a + b = 0, hence d ~ 2. Thehomologicalequationwithmonomial F of this
kind in the right handsidehastheform —(c+ I)k4_1 = Id’ The solution K, which
is a monomial kd_lp~ q~’Z~, is divisible by p2q2. Thecontactvectorfield with

Hamiltonfunction K is admissibleby Lemma5 (case K6).

Lemma8 is proved. .
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TheproofofLemma7. Let h,. denotethesum of themonomialsof theform pup~ZM
of degreer of R,.. Thesumof all theotherdegreer monomialsof R,. will bedenoted

by —F,.. ByLemma8 the homologicalequationwith right handside F,. hasasolution
K,. which is a homogeneouspolynomialof degreer andwhich definesan admissible

contactvectorfield.

Denoteby g1 thephaseflow transformationof this vectorfield at time 1.
Then,for H1(z) ~H(g(z)), we find

H1=H+{K,.,H}+...=

asrequired(thedotsaretermsof ordergreaterthan r by Lemma6).

LEMMA 9. Let h bea quasihomogeneouspolynomialofweightr in variables (i,..)

ofweights(a,...). Then

h(x,...) —h(y,...) = (z—y)N(x,y,...)

whereN is a quasthomogeneouspolynomialofweightr — a in variables (i, p,..)

ofweights(a,a,...).

Proof f’ — = (z — y)(z’~’ + . .. + y’~

1)

LEMMA 10. ThefunctionH
1 ofLemma7 admitsa representation

(4) H1 11~+ h,.(q~/2,p2,Z)+ H1N,.2 +

(whereN is a homogeneouspolynomialof degreer — 2 and thedots are termsof
order r + 1 orgreater).

Proof By Lemma9

h,.(p,p2,Z) — h,.(q~,p2,Z)= (p — q~/2)N,.2

If we substitute H1 in place of the multiplicator p — q~/2 = H2 in this formula, the

productincrementwill be asmallquantityof orderal least2 r —2 ~ r + 1 at theoriginc

(accordingto (3)). This implies (4). Lemma10 is proved.

Let usdefine 1 — N,.~2= E1. Weobtainfrom (4)

(5) E1 H1 112 + h,.(q~/2,p2,Z) +

(with thedotsof orderat least r + 1).
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LEMMA 11. The horn ologicalequation

{K,H
2} = —h,. (q~/2,p2,Z)

admitsa solution K, which is a homogeneous polynomial of degree r, divisible by

P2 q2 and independent of Pi and q1.

Proof The homological equationfor K independentof P1 and q1 has the form

q2 K~ = h. Thefunctionh isdivisiblebyq~,sincethe functionE1 H1 = H2+h,.+...
is admissible.Therequiredsolution is given by theformula kd — I = hd /(c + 1) in the

notationsof theproofof Lemma8. K is divisible by P2 q2, becaused � 2 since h

isdivisible by q~.

LEMMA 12. Thereexists an admissible contactomorphism 92, reducingthe function

given by formula (5) to the form

(6) E1(g2 (z))H1 (92 (x)) H2 +

suchthatthedifferencebetween92 and theidentitytransfonnationis a smallquantity
oforderatleastr — 1 at theorigin.

Proof The requiredcontactomorphism92 is thetransformationof thephaseflow of

thecontactvectorfield Hamilton function K definedby Lemma11, correspondingto

thetimemomentt = I.

Thiscontactomorphismis admissibleby LemmaS(caseK6).

Formula(6) provesLemma12 andhencethe main lemma:

E(x) E1(g2(z)),g(x) g1(g2(z)). a
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